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PATHWAY FRACTIONAL INTEGRAL OPERATORS INVOLVING
k-STRUVE FUNCTION
KOTTAKKARAN.S.NISAR AND SAIFUL. R. MONDAL
Abstract. A new generalization called k-Struve function and its properties given by
Nisar and saiful very recently. In this paper, we establish the pathway fractional integral
representation of k-Struve function. Many special cases also established to obtain the
pathway integral representation of classical Struve function.
1. Introduction
Recently, Nisar et al.[1] introduced and studied various properties of k-Struve function
S
k
ν,c defined by
S
k
ν,c(x) :=
∞∑
r=0
(−c)r
Γk(rk+ ν +
3k
2
)Γ(r + 3
2
)
(x
2
)2r+ ν
k
+1
. (1.1)
where c, ν ∈ C, ν > 3
2
k. The generalized Wright hypergeometric function pψq(z) is given
by the series
pψq(z) = pψq
[
(ai, αi)1,p
(bj, βj)1,q
∣∣∣∣z
]
=
∞∑
k=0
∏p
i=1 Γ(ai + αik)∏q
j=1 Γ(bj + βjk)
zk
k!
, (1.2)
where ai, bj ∈ C, and real αi, βj ∈ R (i = 1, 2, . . . , p; j = 1, 2, . . . , q). Asymptotic behavior
of this function for large values of argument of z ∈ C were studied in [17] and under the
condition
q∑
j=1
βj −
p∑
i=1
αi > −1 (1.3)
was found in the work of [22, 23]. Properties of this generalized Wright function were
investigated in [18], (see also [11, 19]. In particular, it was proved [18] that pψq(z), z ∈ C
is an entire function under the condition (1.3).
In[25], Nair introduced a pathway fractional integral operator and developed further
by Mathai and Haubold [27] ,[28] (Also, see [26]) is defined as follows :
Let f (x) ∈ L (a, b) , η ∈ C,ℜ (η) > 0, a > 0 and the pathway parameter α < 1(cf
[29]),then
(
P
(η,α)
0+ f
)
(x) = xη
[ xa(1−α) ]∫
0
[
1− a (1− α) t
x
] η
(1−α)
f (t) dt. (1.4)
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For a real scalar α, the pathway model for scalar random variables is represented by
the following probability density function (p.d.f.):
f (x) = c |x|γ−1
[
1− a (1− α) |x|δ
] β
(1−α)
, (1.5)
provided that −∞ < x <∞, δ > 0, β ≥ 0,
[
1− a (1− α) |x|δ
]
> 0, and γ > 0, where is
the normalizing constant and α is called the pathway parameter [25].
Note that for α < 1 it is a finite range density with
[
1− a (1− α) |x|δ
]
> 0 and (1.5)
remains in the extended generalized type-1 beta family . The pathway density in (1.5),
for α < 1, includes the extended type-1 beta density, the triangular density, the uniform
density and many other p.d.f’.s .[29].For instance , α > 1 gives
f (x) = c |x|γ−1
[
1 + a (1− α) |x|δ
]− β
(1−α)
, (1.6)
provided that −∞ < x <∞, δ > 0, β ≥ 0, and α > 0 which is the extended generalized
type-2 beta model for real x. It includes the type-2 beta density, the F density, the
Student-t density, the Cauchy density and many more. For more details about pathway
integral operator, one can refer [29, 30].The purpose of this work is to investigate the
composition formula of integral transform operator due to Nair, which is expressed in
terms of the generalized Wright hypergeometric function, by inserting the k− Struve
function
2. Pathway Fractional Integration ofk-Struve function.
The results given in this section are based on the preliminary assertions giving by
composition formula of pathway fractional integral (1.4) with a power function.
Lemma 2.1. (Agarwal [29],Lemma 1)
Let η ∈ C,ℜ (η) > 0, β ∈ C and α < 1. If ℜ (β) > 0,and ℜ ( η
1−α
)
> −1,then
{
P
(η,α)
0+
[
tβ−1
]}
(x) =
xη+β
[a (1− α)]β
Γ (β) Γ
(
1 + η
1−α
)
Γ
(
1 + η
1−α + β
) . (2.1)
The pathway fractional integration of the k− Struve function is given by the following
theorem.
Theorem 2.1. Let η, ρ, ν, c ∈ C and α < 1 be such that ℜ (η) > 0,ℜ (ρ) > 0, ν > −3
2
k
and ℜ ( η
1−α
)
> −1 then the following formula hold true
P
(η,α)
0+
[
tρ−1Skν,c(t)
]
(x) = xη
(
x
a(1−α)
)ρ+ ν
k
+1 Γ(1+ η1−α)
k
ν
k
+12 2
ν
k
+1
×2Ψ3
[ (
ρ+ ν
k
+ 1, 2
)
, (1, 1) ;(
ρ+ ν
k
+ η
1−α + 2, 2
)
,
(
ν
k
+ 3
2
, 1
)
, (3/2, 1)
;− cx2
4k[a2(1−α)2]
]
.
(2.2)
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Proof. Applying the pathway operator defined in (1.4) to (1.1), and changing the order
of integration and summation, we get
(
P
(η,α)
0+
[
tρ−1Skν,c(t)
])
(x) = P
(η,α)
0+
[
tρ−1
∞∑
r=0
(−c)r ( t
2
)2r+ ν
k
+1
Γk
(
rk+ ν + 3
2
k
)
Γ
(
r + 3
2
)
]
(x)
=
∞∑
r=0
(−c)r (1
2
)2r+ ν
k
+1
Γk
(
rk+ ν + 3
2
k
)
Γ
(
r + 3
2
)P (η,α)0+ (tρ+2r+ νk ) (x)
Using Lemma (2.1), we get
=
∞∑
r=0
(−c)r (1
2
)2r+ ν
k
+1
Γk
(
rk+ ν + 3
2
k
)
Γ
(
r + 3
2
) xη+ρ+2r+ νk+1
[a(1− α)]ρ+2r+ νk+1
×Γ
(
ρ+ 2r + ν
k
+ 1
)
Γ
(
1 + η
1−α
)
Γ
(
η
1−α + ρ+ 2r +
ν
k
+ 2
)
Now using the relation Γk (γ) = k
γ
k
−1Γ
(
γ
k
)
, we get
=
xη+ρ+
ν
k
+1Γ
(
1 + η
1−α
)
[a(1− α)]ρ+ νk+1 2 νk+1
×
∞∑
r=0
(−c)rx2r
k
r+ ν
k
+ 1
2Γ
(
r + ν
k
+ 3
2
)
Γ
(
r + 3
2
)
4r[a(1− α)]2r
× Γ
(
ρ+ ν
k
+ 1 + 2r
)
Γ( η
1−α + ρ+ 2r +
ν
k
+ 2)
.
In view of (1.2), we arrived the desired result. 
Corollary 2.1. If we take k = 1 in theorem (2.1), then we get the pathway integrals
involving classical Struve function as:
P
(η,α)
0+
[
tρ−1S1ν,c(t)
]
(x) = xη
(
x
a(1−α)
)ρ+ν+1 Γ(1+ η1−α)
2ν+1
×2Ψ3
[
(ρ+ ν + 1, 2) , (1, 1) ;(
ρ+ ν + η
1−α + 2, 2
)
,
(
ν + 3
2
, 1
)
, (3/2, 1)
;− cx2
4[a2(1−α)2]
]
.
(2.3)
Now, we will give the relation relation between trigonometric function and k-Struve
function. By taking ν = k/2 in (3.10) of [1] we get the relation between cosine functions
and k-Struve functions as
1− cos
(
αx√
k
)
=
α
k
√
pix
2
S
k
k
2
,α2
(x). (2.4)
Similarly, the relation
cosh
(
αx√
k
)
− 1 = α
k
√
pix
2
S
k
k
2
,−α2(x), (2.5)
can be derive from (3.11) of [1].
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Also, by taking ν = −k
2
in (1.1), we obtained the following:
sin
(
αx√
k
)
= α
(√
pix
2k
)
S
k
− k
2
,α2
(x) . (2.6)
sinh
(
αx√
k
)
= α
(√
pix
2k
)
S
k
− k
2
,−α2 (x) . (2.7)
3. Pathway fractional integration of cosine,hyperbolic cosine, sine and
hyperbolic sine functions
Theorem 3.1. Let η, ρ, ν, c ∈ C and α < 1 be such that ℜ (η) > 0,ℜ (ρ) > 0, ν > −3
2
k
and ℜ ( η
1−α
)
> −1 then the following formula hold true
P
(η,α)
0+
[
tρ−1
(
1− cos
(
γt√
k
))]
(x) =
√
pi γ
k2
xη+ρ+2
4[a(1−α)]ρ+2Γ
(
1 + η
1−α
)
×2Ψ3
[
(ρ+ 2, 2) , (1, 1) ;(
ρ+ 3 + η
1−α , 2
)
, (2, 1) , (3/2, 1)
;− γ2x2
4k[a2(1−α)2]
]
(3.1)
Proof. Applying the pathway operator defined in (1.4) to (2.4), and changing the order
of integration and summation, we get
P
(η,α)
0+
[
tρ−1
(
1− cos
(
γt√
k
))]
=
(
P
(η,α)
0+
[
tρ−1
γ
k
√
pit
2
S
k
k
2
,γ2
(t)
])
(x)
=
√
pi
2
γ
k
∞∑
r=0
(−γ2)r (1
2
)2r+ 1
2
+1
Γk
(
rk+ 4
2
k
)
Γ
(
r + 3
2
)P (η,α)0+ [tρ+2r+1] (x),
Using Lemma 2.1, we get
=
√
pi
γ
k
∞∑
r=0
(−γ2)r(1
2
)2r+2
Γk(rk+ 2k)Γ(r +
3
2
)
xη+ρ+2+2r
[a(1− α)]ρ+2+2r
×Γ(ρ+ 2r + 2)Γ(1 +
η
1−α)
Γ(1 + η
1−α + ρ+ 2 + 2r)
Now using the relation Γk (γ) = k
γ
k
−1Γ
(
γ
k
)
, we get
=
√
pi
γ
k2
xη+ρ+2
4[a(1− α)]ρ+2Γ
(
1 +
η
1− α
)
=
∞∑
r=0
(−γ2)r(1
2
)2rΓ (ρ+ 2 + 2r)
Γ(r + 2)Γ(r + 3
2
)
x2r
[a(1− α)]2rΓ(1 + η
1−α + ρ+ 2 + 2r)
In view of (1.2), we arrived the desired result. 
Corollary 3.1. If we take k = 1 in theorem 3.1, then we get the pathway integrals
involving classical Struve function as: Let η, ρ, ν, c ∈ C and α < 1 be such that ℜ (η) >
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0,ℜ (ρ) > 0, ν > −3
2
and ℜ ( η
1−α
)
> −1 then the following formula hold
P
(η,α)
0+ [t
ρ−1 (1− cosγt)] (x) = √piγ xη+ρ+2
4[a(1−α)]ρ+2Γ
(
1 + η
1−α
)
×2Ψ3
[
(ρ+ 2, 2) , (1, 1) ;(
ρ+ 3 + η
1−α , 2
)
, (2, 1) , (3/2, 1)
;− γ2x2
4[a2(1−α)2]
]
(3.2)
Theorem 3.2. Let η, ρ, ν, c ∈ C and α < 1 be such that ℜ (η) > 0,ℜ (ρ) > 0, ν > −3
2
k
and ℜ ( η
1−α
)
> −1 then the following formula hold true
P
(η,α)
0+
[
tρ−1
(
cosh
(
γt√
k
))]
(x) =
√
pi γ
k2
xη+ρ+2
4[a(1−α)]ρ+2Γ
(
1 + η
1−α
)
×2Ψ3
[
(ρ+ 2, 2) , (1, 1) ;(
ρ+ 3 + η
1−α , 2
)
, (2, 1) , (3/2, 1)
; γ
2x2
4k[a2(1−α)2]
]
(3.3)
Corollary 3.2. If we set k = 1 in Theorem 3.2 then we get, Let η, ρ, ν, c ∈ C and α < 1
be such that ℜ (η) > 0,ℜ (ρ) > 0, ν > −3
2
and ℜ ( η
1−α
)
> −1 then the following formula
hold true
P
(η,α)
0+ [t
ρ−1 (cosh (γt))] (x) =
√
piγ x
η+ρ+2
4[a(1−α)]ρ+2Γ
(
1 + η
1−α
)
×2Ψ3
[
(ρ+ 2, 2) , (1, 1) ;(
ρ+ 3 + η
1−α , 2
)
, (2, 1) , (3/2, 1)
; γ
2x2
4k[a2(1−α)2]
]
(3.4)
Theorem 3.3. Let η, ρ, ν, c ∈ C and α < 1 be such that ℜ (η) > 0,ℜ (ρ) > 0, ν > −3
2
k
and ℜ ( η
1−α
)
> −1 then the following formula hold true
P
(η,α)
0+
[
tρ−1
(
sin
(
γt√
k
))]
(x) = γ
√
pi
k
xρ+η+1
2
[a(1− α)]ρ+ 12Γ (1 + η
1−α
)
×1Ψ2
[ (
ρ+ 1
2
, 2
)
;(
ρ+ η
1−α +
3
2
, 2
)
,
(
3
2
, 1
)
;
; −γ
2x2
4k[a2(1−α)2]
]
(3.5)
Proof. Applying the pathway operator defined in (1.4) to (2.4), and changing the order
of integration and summation, we get
P
(η,α)
0+
[
tρ−1
(
sin
(
γt√
k
))]
=
(
P
(η,α)
0+
[
tρ−1γ
√
pix
2k
S
k
− k
2
,γ2
(t)
])
(x)
= γ
√
pix
2k
P
(η,α)
0+

tρ−1 ∞∑
r=0
(−γ2)r ( t
2
)2r− 1
2
+1
Γk(rk− k2 + 3k2 )Γ
(
r + 3
2
)

 (x)
= γ
√
pix
2k
∞∑
r=0
(−γ2)r (1
2
)2r+ 1
2
Γk (rk+ k) Γ
(
r + 3
2
)P (η,α)0+ [tρ+2r+ 12−1]
Using Lemma 2.1 and the relation Γk (γ) = k
γ
k
−1Γ
(
γ
k
)
, we get
= γ
√
pi
k
xρ+η+1
[a(1− α)]ρ+ 12
×
∞∑
r=0
(−γ2)r (1
2
)2r
x2rΓ(ρ+ 1
2
+ 2r)
Γ (r + 1)Γ
(
r + 3
2
)
Γ
(
ρ+ η
1−α +
1
2
+ 1 + 2r
)
kr[a(1− α)]2r
In view of (1.2), we arrived the desired result. 
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Corollary 3.3. If we take k = 1, then we have Let η, ρ, ν, c ∈ C and α < 1 be such that
ℜ (η) > 0,ℜ (ρ) > 0, ν > −3
2
and ℜ ( η
1−α
)
> −1 then the following formula hold true
P
(η,α)
0+ [t
ρ−1 (sin (γt))] (x) = γ
√
pi x
ρ+η+1
2
[a(1− α)]ρ+ 12Γ (1 + η
1−α
)
×1Ψ2
[ (
ρ+ 1
2
, 2
)
;(
ρ+ η
1−α +
3
2
, 2
)
,
(
3
2
, 1
)
;
; −γ
2x2
4[a2(1−α)2]
]
(3.6)
Theorem 3.4. Let η, ρ, ν, c ∈ C and α < 1 be such that ℜ (η) > 0,ℜ (ρ) > 0, ν > −3
2
k
and ℜ ( η
1−α
)
> −1 then the following formula hold true
P
(η,α)
0+
[
tρ−1
(
sinh
(
γt√
k
))]
(x) = γ
√
pi
k
xρ+η+1
2
[a(1 − α)]ρ+ 12Γ (1 + η
1−α
)
×1Ψ2
[ (
ρ+ 1
2
, 2
)
;(
ρ+ η
1−α +
3
2
, 2
)
,
(
3
2
, 1
)
;
; γ
2x2
4k[a2(1−α)2]
]
(3.7)
Corollary 3.4. If we take k = 1, then we have Let η, ρ, ν, c ∈ C and α < 1 be such that
ℜ (η) > 0,ℜ (ρ) > 0, ν > −3
2
and ℜ ( η
1−α
)
> −1 then the following formula hold true
P
(η,α)
0+ [t
ρ−1 (sinh (γt))] (x) = γ
√
pi x
ρ+η+1
2
[a(1− α)]ρ+ 12Γ (1 + η
1−α
)
×1Ψ2
[ (
ρ+ 1
2
, 2
)
;(
ρ+ η
1−α +
3
2
, 2
)
,
(
3
2
, 1
)
;
; γ
2x2
4[a2(1−α)2]
]
(3.8)
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